Abstract. To any entailment relation Sco74] we associate a distributive lattice. We use this to give a construction of the product of lattices over an arbitrary index set, of the Vietoris construction, of the embedding of a distributive lattice in a boolean algebra, and to give a logical description of some spaces associated to mathematical structures.
Introduction
Most spaces associated to mathematical structures: spectrum of a ring, space of valuations of a eld, space of bounded linear functionals, . . . can be represented as distributive lattices. The key to have a natural de nition in these cases is to use the notion of entailment relation due to Dana Scott. This note explains the connection between entailment relations and distributive lattices. An entailment relation may be seen as a logical description of a distributive lattice. Furthermore, most operations on distributive lattices are simpler when formulated as operations on entailment relations.
A special kind of distributive lattices (and hence entailment relations) is then used to represent compact regular spaces. We use this to give an alternative construction of the product of a family of compact regular spaces, and of the Vietoris power locale of a compact regular space Joh82].
Entailment Relation
Let S be a set, we think of its elements as abstract \statements" or propositions. We denote by X; Y; Z; : : : arbitrary nite subsets of S. We write X; Y for X Y and X; s for X fsg. De nition 1. An entailment relation`on the set S is a relation between nite subsets of S satisfying the following conditions of re exivity, monotonicity and The rst condition (R) can be replaced by the condition x`x using the second condition (M). Notice that this de nition is \symmetric": the converse of an entailment relation is also an entailment relation.
As emphasised by Scott Sco71, Sco73, Sco74] , this notion of entailment relation can be seen as an abstract generalisation of Gentzen's multi-conclusion sequent calculus. Gentzen was inspired by the notion of consequence relation, due to Hertz, see Gen69] , and was the rst to formulate the rule (T ) in this setting.
The basic idea of this note is that entailment relations provide a general way of presenting distributive lattices. The reason is as follows. First, relations as equations e = f can be replaced by relations as inequations e f and f e. Next , if e is expressed in disjunctive normal form and f in conjunctive normal form, then the inequation e f can be replaced by a set of inequations disjunct of e conjunct of f, which is the same form as an entailment.
Here is a general lemma about entailment relations that will be needed in one example. We suppose given an entailment relation`on a set S. Let Proof. This is a direct consequence of the rules (M) and (T ).
Lemma 6. Let Theorem 3 is a direct consequence. In this particular construction we do have X`Y i ^x 2X i(x)`_ y2Y i(y) and hence, by unicity of the solution of an universal problem, this holds for any solution. Another way of proving this theorem, closer to the way taken in JKM97], would be to consider the set S of syntactical^; _-formulae on S, to de ne a sequent calculus on S taking as axiom the sequents on atomic formulae given by the entailment relation. We can then prove a cut-elimination result that gives another proof of theorem 3 JKM97].
Some Universal Constructions
The goal of this section is to show that the notion of entailment relation simplies the construction of the solution of some universal problems for distributive lattices.
Product
Let D j be a family of distributive lattices, indexed over a set J. Let S be the set of elements x 2 D or x for x 2 D. We de ne the relationà s follows: x i ; y j`zk ; t l i ^ix i^^l t l _ j y j _ _ k z k in D. Theorem 11.`is an entailment relation on S. If B; i : S ! B is the distributive lattice generated by S;`, then B is a boolean algebra, and x 7 ?! i(x); D ! B is the boolean algebra generated by D:
Proof. That`is an entailment relation is direct. The fact that we get a solution of the universal problem is then proved in the same way as in the previous examples.
Using the theorem 3 we get the following corollary. Thus, if we see an entailment relation as a logical description of a spectral space, we can interpret this proposition as stating that points are theories compatible with the entailment relation.
Examples
We give three examples of entailment relations naturally associated to some mathematical structures. In each case we have a direct description of an inductively de ned entailment relation.
Spectrum of a ring
Let A be a commutative ring. The relation X`Y is de ned to mean that the product of the elements of Y belongs to the radical of the ideal generated by X.
Theorem 17.`is an entailment relation on A: It is the least entailment relation on A such that:
{`0; { 1`; { x`xy; { xy`x; y; { x; y`x + y:
A point for this entailment relation is exactly a prime ideal of A.
Real Spectrum of a ring
Let A be a commutative ring. A cone of A is a subset C A closed by addition, mutiplication and which contains all square elements x 2 ; x 2 A: The following claims are directly checked: the smallest cone S of A is the set of sum of squares; if C is a cone and a 2 A the cone generated by C and a, that is the least cone containing C and a is the set C + aC of elements u + va; u; v 2 C: The relation X`Y is de ned to mean that there exists a relation of the form m + p = 0 where m is in the monoid generated by X and p is in the positive cone generated by X and f?y j y 2 Y g: Theorem 18.`is an entailment relation on A: It is the least entailment relation on A such that:
{`1; { x; ?x`; { x + y`x; y; { x; y`xy; { xy`x; ?x; { xy`x; ?y:
A point for this entailment relation de nes a total ordering over A:
Space of Valuations
Let K be a eld, that is a ring in which any element is 0 or is invertible, and let S be the set of its invertible elements. If x i ; y j are in S; we de ne x i`yj to mean that there exist q j polynomials in y ?1 j and x i with integer coe cients such that y ?1 j q j = 1:
Theorem 19.`is an entailment relation on S: It is the least entailment relation on S such that:
{`x; x ?1 ; { x`?x; { x; y`xy; {`x; y if xy = x + y:
For a proof, see CP98]. In CP98] this description of the space of valuation is used to give a constructive version of a proof of a theorem of Kronecker which uses valuation rings. A point for this entailment relation de nes a valuation ring of K: Finally, notice that X`y means that y is integral over the set X.
Total Ordering of a Vector Space
Let E be a vector space over the eld Q of rational numbers. We de ne x i`yj as meaning that there exists r i 0; s j 0 such that r i x i = s j y j and r i = 1: Another equivalent formulation is that X`Y mean that the convex hull of X meets the positive cone generated by Y: Theorem 20.`is an entailment relation on E: It is the least entailment relation on E such that: { x; ?x`; { x + y`x; y:
Notice that a consequence of these two entailment is x + y; ?y`x and so x; y`x + y: It follows that x`px and px`x for any natural number p > 0 and so tx`x if t is a rational > 0:
A point for this entailment relation de nes a strict ordering < on E such that tx < ty implies x < y for t > 0 and x + z < y + t implies x < y or z < t:
7 Normal Lattices and Compact Regular Spaces The proofs are omitted here.
8 Example: Linear functionals of norm 1 Let E is a seminormed space MP91] and S be the vector space Q E: Let us write p < x an element (p; x) 2 S: Using lemma 2 and theorem 20 we consider the entailment relation over S generated by the axioms`?1 < x for x 2 N(1): A direct de nition is that p i < x i`qj < y j holds i there exists r i 0; r 0; s j 0 and z 2 N(1) such that r + r i = 1 and r(z; ?1) + r i (x i ; p i ) = s j (y j ; q j ):
Notice that we can suppose z to be in the vector space generated by the elements x i and y j :
Theorem 30.`is an entailment relation on S: It is the least entailment relation such that, writing x < r for ?r < ?x : { x < r; r < x`; { r + s < x + y`r < x; s < y; {`?1 < x if x 2 N(1):
Notice that`r < x; x < s is a consequence of these axioms for r < s:
Theorem 31. The entailment relation`is normal.
Proof. If`r < x; X it can be checked directly that there exists r 0 > r such that r 0 < x; X. Furthermore we have then x < r 0 ; r 0 < x`and`x < r 0 ; r < x:
The points of the associated compact Hausdor space are exactly the linear functionals over E of norm 1: Let E 1 E 2 be two spaces. We have now two entailment relations`1;`2 on E 1 ; E 2 respectively. The following result, which is a direct consequence of the direct description of`1 and`2, can be seen as the localic version of the theorem of Hahn-Banach MP91].
Theorem 32. The entailment relation`2 is a conservative extension of`1: if x i ; y j 2 E 1 then r i < x i`2 s j < y j i r i < x i`1 s j < y j :
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